Abstract
Introduction
Recall that a G 2 manifold is a seven dimensional manifold X 7 equipped with a Riemannian metric whose holonomy lies in G 2 . Equivalently this can be encoded in a 3 form φ, which determines the metric. The condition that the holonomy is in G 2 then amounts to φ being both closed and coclosed. It is also standard to denote ψ = * φ and to refer to a G 2 manifold as the pair (X 7 , φ). Let G a compact Lie group with Lie algebra g and P → X be a principal G bundle. Denote the adjoint bundle P × (Ad,G) g by Ad(P ) and let it be equipped with an Ad-invariant metric. where ψ = * φ ∈ Ω 4 (X, R) is the calibrating 4 form.
In the case where ∇ A Φ = 0, the equations above are the G 2 instanton equation together with a parallel Higgs field (the connection is reducible if Φ = 0). In fact, an integration by parts (or a maximum principle) shows that in the compact case these are the unique solutions. So, in order to study solutions of equation 1.1 with ∇ A Φ = 0 one must admit singularities or let X be noncompact. The equation 1.1 is invariant under the action of the gauge group G and one is interested in the moduli space of irreducible monopoles on P M(X, P ) = {(A, Φ) | solving 1.1 and ∇ A Φ = 0}/G. (1.2)
Donaldson and Segal in [5] suggested that these monopoles might be related to coassociative submanifolds of X. These are 4 dimensional and ψ-calibrated submanifolds, in particular they are volume minimizing in their homology class and are the G 2 analogs of complex/special Lagrangian submanifolds in the Kähler /Calabi Yau case, respectively. There are as well conjectural theories developed by many authors in particular Joyce, which attempt to define an invariant of a G 2 manifold by counting rigid coassociative submanifolds. Indeed due to McLean's work, a coassociative manifold M deforms in a smooth moduli space of dimension b − 2 (M ), so one can hope to count these when b − 2 (M ) = 0 (e.g. M = S 4 , CP 2 ). Instead of attempting a direct count of these submanifolds one can instead hope to define an enumerative invariant of G 2 manifolds by counting monopoles and the idea is that this may be closely related to such a coassociative counting. The general expectation is that under some asymptotic regime where the mass (i.e. the asymptotic value of |Φ|) gets very large, the monopoles concentrate along some coassociative cycles whose homology class is determined by the topological type of the bundle P . Such a concentration phenomena is expected to be modelled on R 3 monopoles along the fibres of the normal bundle to the coassociatives. However, other then on R 7 = R 4 × R 3 where dimensional reduction gives examples by lifting monopoles on R 3 , no examples of such monopoles are known to exist and is this question of existence which is addressed in this work. There are also similar theories on noncompact Calabi Yau's relating solutions to monopole equations to special Lagrangian cycles. The analytic properties of the monopole equations in both these cases are work for the PhD thesis of the author. See [11] for examples of monopoles on a noncompact Calabi Yau.
If (M, g M ) is an Einstein, self dual 4 manifold (M = S 4 , P 2 ), Bryant and Salamon in [4] , constructed G 2 metrics on Λ 2 − (M ), i.e. the total space of the bundle of anti self dual 2 forms on M . These examples have large symmetry groups, in each case there is a compact Lie group K acting on Λ 2 − (M ) with cohomogeneity 1. In order to find solutions to the equations 1.1, one may then restrict to the case of monopoles (A, Φ) invariant under the K action.
Definition 2 Let G inv denote the K invariant gauge transformations, then the moduli space of invariant monopoles on P → Λ ( 1.3)
The goal of this paper is to study M inv (Λ is well defined and finite. This will be indeed the case in the examples obtained. Some notation needs to be introduced in order to state the main theorem 1. The monopole equations used here are inspired by the monopole equations in 3 dimensions. In R 3 and for structure group SU (2), these have a unique mass 1 spherically symmetric solution known as the BPS monopole [2] which will be denoted (A BP S , Φ BP S ). Moreover, for structure group S 1 there are no smooth solutions, but a singular one known as the Dirac monopole. It will also be the case for the G 2 monopoles studied here that there are Abelian monopoles having singularities at the zero section. These will be constructed in sections 3.2.1 and 4.2.1 respectively for M = S 4 , P 2 , and will be called Dirac monopoles by analogy.
Theorem 1 For M = S 4 , P 2 there are respectively a SU (2), SO(3) bundle P which is invariant under the action of compact Lie group acting with cohomogeneity 1 on Λ 2 − (M ), such that the space M inv (Λ 2 − (M ), P ) of invariant irreducible monopoles on P are non empty and the following hold:
1. For all monopoles in M inv , the Higgs field Φ vanishes at the zero section M , is bounded, the mass is well defined and gives a bijection m : M inv (Λ 2 − (M ), P ) → (0, ∞).
1. Together with the Abelian monopoles (Dirac monopoles) Abelian G 2 instantons are also found. For both these cases explicit formulas are given.
2. Explicit G 2 -instantons in SU (2) and SO(3) bundles on Λ 2 − (S 4 ) and Λ 2 − (P 2 ) respectively are found. The statements are theorems 4 and 7, which give explicit formulas for the G 2 instantons. Moreover, these are asymptotic to Hermitian Yang Mills connections for the nearly Kähler structures on P 3 and F respectively, which where themselves also unknown up to date.
3. There is also an explicit family of irreducible G 2 -instantons with structure group SU (3) on Λ 2 − (P 2 ). These are given in theorem 8.
The strategy to the proof is to use a cohomogeneity 1 action of a compact Lie group K on the respective G 2 manifolds Λ 2 − (M ). In the body of the paper examples of bundles P → M admitting a lift of such action is are constructed and the monopole equations for invariant data (A, Φ) on these reduced to ODE's. These ODE's end up being the same as those arising for symmetric monopoles on R 3 equipped with a spherically symmetric metric with fast volume growth. The existence of solutions giving rise to smooth, irreducible monopoles with non-Abelian gauge group follows from the work in the Appendix A, which then feeds into the main theorem 1.
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Preliminaries on Monopoles and Invariant Connections 2.1 YMH Energy and Identities
A configuration is a pair (∇ A , Φ) associated with the principal G bundle P → X. Associated to these there is the Yang-Mills-Higgs (YMH) energy.
Definition 3 Let U ⊂ X be an open set. When finite, the Energy E and the Intermediate energy E I of a configuration (∇ A , Φ) on U are the quantities respectively given by
Note that the Intermediate Energy is always smaller or equal than the Energy. In fact, it replaces the L 2 norm of the curvature by the L 2 norm of the component of the curvature in a subspaces of Ω 2 . This will be evident from the proof of the following Proposition 1 Let U ⊂ X be open and (∇ A , Φ) a configuration with finite normalized Energy on U , then
Moreover, if the energy on U is also finite, then
Proof: In a G 2 manifold the 2 forms split according to G 2 representation theory into two irreducibles as
Where the subscripts encode the dimension of the respective representations. This splitting is orthogonal and one denotes the respective projections by π 7 and π 14 . It follows from linear algebra that for any 2 form β * ( * (β ∧ ψ) ∧ ψ) = 3π 7 (β) , * (β ∧ φ) = 2π 7 (β) − π 14 (β).
And this gives rise to the following point-wise identities for any 2 form β |β| 2 = |π 7 (β)| 2 + |π 14 (β)| 2 = |π 14 (β)| 2 − 2|π 7 (β)| 2 + 3|π 7 (β)| 2 , and so, |β| 2 dvol X = −β ∧ * (β ∧ φ) + β ∧ * ( * (β ∧ ψ) ∧ ψ) (2.4)
Using this for β the 2 form part of the curvature gives
One still has to evaluate
in the last summand. This can be done by computing
The last term is given by the integral
where once again one needs to use the Bianchi identity and the fact that ψ is closed. Passing this term to the other side in equation 2.6, gives
And replacing this back in equation 2.5 gives
Corollary 1 Let X be compact and (A, Φ) smooth with Φ = 0, then A is a reducible G 2 instanton with energy
Proof: The energy identity 2.2 from proposition 1 gives that ∇ A Φ = 0 and F A ∧ ψ = 0. Then A is a G 2 instanton and since Φ = 0, ∇ A Φ = 0 it is reducible. The computation of the energy is reduced to the first term in equation 2.3.
So the theory of smooth irreducible monopoles with Φ = 0 can be reduced to the noncompact case. Hence from now on X will be a complete noncompact manifold with G 2 holonomy.
Corollary 2 Let (X, φ) be a complete noncompact G 2 manifold and P a G = SU (2) bundle. Denote by E the complex vector bundle associated with the canonical representation. Let (∇ A , Φ) be a configuration with finite Intermediate Energy with Φ = 0. Then, on ∂X one has ∇ A Φ = 0 and the connection is reducible to a connection on a line bundle L → ∂X, so that E| ∂X = L ⊕ L −1 and the identity 2.3 gives
where |Φ| ∂X | = m is constant. Moreover, if the energy is finite as well, then
In particular, both the Intermediate Energy but also the full Energy are minimized at monopole configurations.
Proof: By Chern-Weil theory the integrand in the first integral is nothing but F A ∧F A ∧φ = −4π 2 c 2 (E)∪ φ. If the Intermediate Energy is finite then ∇ A Φ ∈ L 2 and so must vanish at ∂X and since Φ = 0 by hypothesis, its eigenspaces give an isomorphism E| ∂X ∼ = L ⊕ L −1 and the connection ∇ A is reducible to a connection on L. Moreover, Φ m , F A is the curvature of this connection on L, so once again by Chern Weil theory Φ,
Monopoles on AC G 2 Manifolds
Before diving into Asymptotically Conical (AC) G 2 manifolds (see definition 4 below) one must study the geometric structures on the Riemannian 6 manifold (N, g N ) that arise as the links of Riemannian G 2 cones. The first result is a lemma which describes the algebraic structures that reduce the structure group of the tangent bundle to SU (3).
Moreover, given an SU (3) structure one has a canonically defined almost complex structure J given by h(J·, ·) = ω(·, ·). 
Proof: It is straightforward to compute
From this we conclude that the condition for G 2 holonomy dφ = dψ = 0 is equivalent to the SU (3) structure determined by (ω, Ω 1 , Ω 2 ) being nearly Kähler, i.e. satisfying equations 2.16.
Remark 1
One other interesting special type of SU (3) structures are those which are half flat. On (N 6 , g), the SU (3) structure (ω, Ω 1 , Ω 2 ) is called half flat if
Notice that a nearly Kähler structure is automatically half flat. The converse does not hold.
Let (N, g N ) be a nearly Kähler 6 manifold with metric cone (C(N ), g C = dr 2 + r 2 g N ). By proposition 2 this is a G 2 cone. Let P be a bundle over N equipped with a connection and Higgs Field (∇ A , Φ) such that ∇ A Φ = 0 so that the connection is reducible and pull them back to the cone.
Proposition 3
The connection ∇ A pulled back from N is a G 2 instanton on the G 2 cone (C(N ), g N ) if and only if
i.e. ∇ A is an Hermitian Yang Mills connection for the nearly Kähler structure on N .
This result gives the asymptotic behaviour of the general theory on asymptotically conical G 2 manifolds.
) is Asymptotically Conical (AC) with rate ν < 0 if there is a compact set K ⊂ X, a nearly Kähler 6-manifold (N, g N ) and a diffeomorphism
A radius function will be any positive function ρ :
Notice that in the previous notation ∂X = N and one must then set the boundary conditions as data on N . Then let P ∞ be a G bundle over N equipped with a reducible Hermitian Yang Mills connection ∇ ∞ and a ∇ A∞ parallel Higgs field Φ ∞ . Let (X, g) be as in definition 4 and P a G bundle, such that
where π : (1, ∞)×N → N is the projection on the second component. Then, one is interested in studying monopoles (∇ A , Φ) on P , which are asymptotic to (∇ A∞ , Φ ∞ ), i.e.
for some µ < 0. In fact for Asymptotically Conical manifolds one can use proposition 1 and obtain an analogue of corollary 1, this is the first statement in the next result Proposition 4 Let (A, Φ) be a monopole as in the setup just defined. Then, the following statements hold
Proof:
1. Let B r = ρ −1 (r, +∞) and use equation 2.6 in proposition 1 with U = B r . Since (A, Φ) is a monopole, one obtains ∇ A Φ 2 L 2 (Br) = ∂Br Φ, F A ∧ ψ . Taking the limit as r goes to infinity gives
Now, one needs to estimate the term on the right, this gives
The first two of these vanish as by hypothesis A ∞ is an Hermitian Yang Mills connection on the asymptotic link N . The missing terms are lower order as r → ∞ and are denoted by l.o.t. Moreover, the term
One wants this to be greater that zero and so it is enough to set 5 + µ ≥ 0, i.e. µ ≥ −5.
Notice that ∇
The first term vanishes while the next two ones grow like ρ µ , the remaining ones are lower order. Then the
is finite if and only if 2µ + 7 − 1 < −1, i.e. µ < − 
Homogeneous Bundles and Invariant Connections
This section contains standard material on bundles over homogeneous spaces and Wang's theorem classifying invariant connection on these, the main reference is [8] . This material contains results that are later used to construct bundles with connection and Higgs field invariant under the action of a Lie Group. Let H ⊂ K be connected Lie groups, and X = K/H is the corresponding homogeneous space. So K acts transitively on X with isotropy subgroup H, which is normal in K. It is a standard result that there is a one to one correspondence between K invariant metrics on X and metrics on m invariant under the adjoint H action. This result will be used to construct the relevant G 2 metrics in sections 3.1 and 4.1.
Let π : P → X be a principal G-bundle. As usual K acts on the left on X and G on the right on P . The bundle P is said to be Homogeneous if there is a lift of the left action of K on X to the total space of P . Moreover, such a lift is required to commute with the right G action on P . Suppose such a lift is given and let H be the isotropy subgroup at x ∈ X, then it acts on the fibre π −1 (x) and commutes with the right G action. This gives an homomorphism λ : H → G λ called the isotropy homomorphism, which can be used to construct back the bundle P via
Let (V, η) be a G representation, where V is a vector space and η : G → GL(V ), construct the associated bundle E = P × G,η V with fibre V . The lift of the K action to P naturally gives a K action on E and there is an isomorphism of homogeneous bundles
A section s E ∈ Γ(E) is said to be an invariant section under the K action on E if once regarded as an H-equivariant map s E : K → V it is actually constant. Hence, η • λ : H → GL(V ) can be used to decompose V into irreducibles and then invariant sections correspond to vectors in the trivial components of V . A slight modification of the above paragraph in order to obtain invariant section of more general bundles can be stated. In particular, gauge transformations can be regarded as sections of the bundle c(P ) = P × c,G G, where c(g 1 )g 2 = g 1 g 2 g are given by a left invariant connection 1 form A ∈ Ω 1 (K, g) and classified by Wang's theorem. Before stating it some preparation is convenient. Assume there is a reductive decomposition, i.e. ad-h invariant complement to h k = m ⊕ h,
This equips the bundle K → X = K/H with a connection whose horizontal space is m. This is invariant and known as the canonical invariant connection. Its connection 1 form is left invariant and given by
where π h is the projection m ⊕ h → h. One can now state Wang's theorem (see [8] volume II., theorem 11.5).
Theorem 2 (Wang) Let P = K × H,λ G be a principal homogeneous G-bundle. Then K-invariant connections A on P are in one to one correspondence with morphisms of H representations
The upshot is that the 1 form A at the identity 1 ∈ K is a linear map Λ, which given a reductive decomposition k = m ⊕ h restricts to h as dλ and to m as a morphism of H representations Λ : m → g. In this case the canonical invariant connection is given by taking Λ = 0, so that A = dλ • π h .
Monopoles on
be the round sphere. Its isometry group SO(5) has Spin(5) as its universal cover, so there is a Spin(5) action on S 4 . This action lifts to Λ 2 − (S 4 ) and in order to work with actions on the left one must set for A ∈ Spin (5) and
represents an anti self dual 2 form on the tangent space to the point x ∈ S 4 , then Spin(4) ⊂ Spin (5) is the isotropy of the action on x ∈ S 4 . The action of this Spin(4) on the fibre over x can be determined explicitly as follows. Recall that Spin(4) = SU 1 (2) × SU 2 (2) and identify each SU (2) with the unit quaternions. Let η x ∈ T * x S 4 , so η x gives an identification T x S 4 ∼ = H. The action of (p, q) ∈ Spin(4) by pullback on η x ∈ T * x S 4 is given by (p, q)η x = pη x q, In the same way Λ 2 − (S 4 ) x gets identified with the purely imaginary quaternions and the action is
The conclusion is that away from the zero section the isotropy is SU 1 (2) × U 2 (1). Moreover the action is an isometry and its principal orbits
correspond to the level sets of the norm function r = | · | in Λ 2 − (S 4 ) induced by the round metric on S 4 . Denote by h the Lie algebra of H = SU 1 (2) × U 2 (1), the next step is to give a reductive decomposition
which corresponds to equipping the bundle Spin(5) over P 3 with a connection whose horizontal space is m. First split spin(5) = m 1 ⊕ su 1 (2) ⊕ su 2 (2) and introduce a basis for the dual spin(5) * such that 
The Maurer Cartan equations for the de's will be less important in what follows but need to be used to compute
for i ∈ {1, 2, 3}. The isotropy algebra h is generated by the su 1 (2) together with one of the basis vectors in su 2 (2) . So take the reductive decomposition spin(5) = h ⊕ m with
The sphere bundle of Λ 2 − is the twistor fibration π : P 3 → S 4 and at each point p ∈ P 3 there are noncanonical identifications m ∼ = T p P 3 and m 1 ∼ = T π(p) S 4 . The 2 forms Ω i give a basis for the anti-self-dual 2 forms at π(p), while the Ω i for the self-dual ones.
Bryant and Salamon
and the K action is transitive on P 3 . One may write the metric on Λ 2 − (S 4 )\S 4 by letting the coordinate ρ ∈ R + be the length through a geodesic intersecting the principal orbits orthogonally and a family of Spin(5) invariant metrics on P 3 . As remarked at the beginning of section 2.3 a Spin(5) invariant metric on P 3 is determined by the splitting of m into h irreducible pieces, and one may write
Where a, b are suitable real valued functions, which shall be chosen to make this metric have G 2 holonomy and the corresponding 3 and 4 forms are
The condition that the holonomy be in G 2 is equivalent to the closeness and cocloseness of φ. Using
the equations dφ = dψ = 0 reduce to the following set of ODE's
These are solved by
14)
where one have introduced the functions f, g and the coordinate s. These are given by
Moreover, we shall refer to these simply as f, g but this should be understood as f (s 2 ), g(s 2 ). The notation here is to be matched with the original reference [4] , one must further remark that the function g must not be confused with the metric. For future reference, rewrite the G 2 structure in terms of these as
This can be directly matched up with Bryant and Salamon's G 2 structure, which is shown in [4] to have full G 2 holonomy. It is useful to check the convergence to the conical G 2 structure on P 3 × R + , which also gives an explicit description of the nearly Kähler structure on P 3 . For large s one has ρ(s)
, so that
G 2 Monopoles
Let l ∈ Z be an integer and λ l :
ilθ , e −ilθ and
the family of homogeneous bundles determined by these λ l .
Lemma 2 1. For each l ∈ Z, the canonical invariant connection is given by
where T 1 , T 2 , T 3 is a standard basis for su(2).
2. Let A ∈ Ω 1 (Spin(5), su(2)) be an invariant connection on P l , then A = A c +(A−A c ) and A−A c = 0 for l = 1. For l = 1 this is
with a ∈ R a constant.
3. Let Φ be an invariant Higgs field of P 1 , i.e. a section of the adjoint bundle g P1 invariant with respect to the Spin(5) action, then Φ = φT 1 for some constant φ ∈ R.
1. The proof of the first assertion amounts to compute the derivative of the isotropy homomorphism. This is dλ = lω 1 ⊗ T 1 .
2. The second assertion is an application of Wang's theorem 2. Invariant connections correspond to morphisms of
Decompose these into irreducible factors m = m 1 ⊕ m 2 and su(2) = R T 1 ⊕ R T 2 , T 3 , where on R T 1 the representation is trivial and R T 2 , T 3 ∼ = m 2 . Then, Schur's lemma gives Λ| m1 = 0, while Λ| m2 vanishes for l = 1 and is an isomorphism for l = 1.
The invariant gauge transformations g ∈ Ω 0 (Spin(5), SU (2)) are constants in the subgroup of SU (2) centralized by λ(SU 1 (2) × U 2 (1)) which generates a maximal torus in SU (2). This is obviously its own centralizer and so g must lie in the maximal torus which acts on R T 2 , T 3 by rotations and so Λ can be picked to look like 3.22 once one have chosen basis of su(2).
3. To prove the third item, recall from section 2.3 that
and Φ must be constant with values in a trivial component of (su (2), Ad • λ) as an SU 1 (2) × U 2 (1) representation.
Notice that the bundles P l are actually reducible to S 1 bundles associated with the degree l homomorphism of S 1 . Moreover, the canonical invariant connection is also reducible and induced from a canonical invariant connection on this bundle.
Pullback the bundle P back to R + × CP 3 and work in radial gauge. This can always be achieved by solving a first order ODE for a Spin(5) invariant gauge transformation. Then an invariant connection and Higgs field are given as in lemma 2, with a, φ functions of ρ and constant along the principal orbits.
Everything is now in place to compute the curvature of the connection and the covariant derivative of the Higgs field, which are the ingredients of the monopole equation. From now on the dot · denotes differentiation with respect to s.
Lemma 3
1. The curvature of the connection A = A c + (A − A c ) is
where F H and F V are respectively given by
2. The covariant derivative of the invariant Higgs field Φ = φT 1 is given by
Proof: The curvature of the invariant connection is computed as
Making use of the Maurer Cartan relations 3.5, the terms above are
Summing all of these as in 3.25 one writes the curvature as the sum of an horizontal and a vertical part as
where each of these is as in the statement. The second item is the covariant derivative of the Higgs field ∇ A Φ, which is
This lemma is now used to compute the Monopole equations 1.1 for an invariant connection and an invariant Higgs field. The result below is a computation of these equations and states the resulting ODE's in the radial coordinate ρ which corresponds to the distance to the zero section.
And the moduli space of invariant Monopoles on Λ 2 − (S 4 ) defined in definition 2 can be identified with
Proof: For convenience, rewrite the G 2 structure here
To compute the monopole equation F A ∧ ψ = * ∇ A Φ one uses lemma 3 to compute each term separately. The left hand side is
While for the right hand side of the equation, i.e. * ∇ A Φ, it is given by
Hence the monopole equation reduces to the following set of ODE's
Using the geodesic distance from the zero section ρ(s)
Define b as in the statement, then the second ODE in 3.32 is equivalent to db dρ = 2φb. Now one shows that substituting a by b in the first equation in 3.32 gives rise to the remaining equation for φ. Notice that
, and factor this term out in the following way
Replacing the term f −4 a 2 by b 2 gives the equation in the statement. Regarding
, it is identified with the solutions to the ODE's that give rise to a connection and Higgs field extending over the zero section. This is the same as requiring the curvature to be bounded at ρ = 0. From the formula 3.23 for the curvature one concludes that for F A to be bounded at ρ = 0, one needs a(0) = 1 anḋ a(0) = 0. The ODE's imply that if these two hold then also φ(0) = 0 andφ(0) is finite and so the Higgs field extends as well. i.e. the conditions a(0) = 1 andȧ(0) = 0 are enough to guarantee the monopole extends over the zero section, i.e. to ρ = 0.
Remark 2 During the proof above a rescaling from the field a to the field b was done. This made the ODE look more familiar. It is precisely the same as the one obtained for invariant monopoles on R 3 with a spherically symmetric metric g = dr
See the Appendix A.
Reducible Monopoles
There is a solution to the equations in proposition 5 by setting b = a = 0 and letting φ solve
This can be integrated to give an Higgs field Φ which explodes at the zero section in Λ 2 − (S 4 ). For this solution a = 0 and so the connection is the canonical invariant one, which is reducible to S 1 and does not extend through the zero section. This is analogous to the Dirac monopole in the R 3 \{0} case, which does not extend over zero. From this one defines the Green's function G, to be the unique function in Λ
and one can check it is harmonic on Λ
This vanishes since
−2 , so that the quantity inside the parenthesis is constant.
Definition 5 The mass m Dirac monopole on
Λ 2 − (S 4 )\S 4 is defined by (A D , Φ D m ) = (A c , G − m).
Irreducible Monopoles
The general strategy to solve the ODE's to which proposition 5 reduced the initial problem is via remark 2. This states that these ODE's are the same as those giving monopoles on R 3 equipped with the metric
If h(ρ) was just ρ this was the Eulidean metric and the invariant Bogomolny equations do have a 1 parameter family of solutions parametrized by their mass m ∈ R + . These are known as the BPS monopoles and the solution is explicit and given by
.
The more general case for different functions h is studied in the Appendix A. There under some reasonable assumptions on h, one also obtains a 1 parameter family of solutions parametrized by their mass, which are modeled on the BPS monopole for small values of ρ. This gives an existence theorem for monopoles on Λ 2 − (S 4 ) parametrized by their mass and modeled on transverse BPS monopoles on a small neighborhood of the zero section the R 3 fibers. The precise statement is
is not empty and the following hold 1. For all monopoles in M inv , the Higgs field Φ vanishes at the zero section and is bounded, the mass is well defined and gives a bijection
− (M ), P ) a sequence of monopoles with mass λ converging to +∞. Then there is a null sequence η(λ, R) such that the restriction to each fibre
4. Let {(A λ , Φ λ )} λ∈[Λ,+∞) be the sequence above. Then the translated monopole sequence
converges uniformly with all derivatives on (Λ Proof: One needs to find the solutions of the ODE's in proposition 5 giving rise to Monopoles extending over the zero section, i.e. such that b(0) = 1 andḃ(0) = 0. This together with the ODE's imply that φ(0) = 0 and dφ dρ is bounded. Theorem 9 in the Appendix A gives the solutions (b, φ) to the ODE's 3.28 and 3.29. These give a = f 2 b and φ which give rise to the monopoles in the statement. The fact that the mass function is well defined and a bijection is a direct consequence from theorem 9 in the Appendix A. The results in the last two items refer to the bubbling behaviour which is stated in Theorem 9 in the Appendix A for monopoles on R 3 . Those results are proved in propositions 12 and 14 and based on previous estimates in lemma 10 . One must note that the result one wants to prove does not follow immediately from those ones. The reason is the following: The results from theorem 9 are for a family of monopoles
− ) x equipped with the metric g| (Λ 2 − )x . These need to be re-proven for a monopole on Λ
restricted to a fibre, which differs from (Ã λ ,Φ λ ) by rescaling the fields as
Since the Higgs field are unchangedΦ λ = Φ λ one just needs to check that for all ǫ > 0 there is λ and η(R, ǫ, λ) which makes s *
one proceeds as follows
As already remarked the first of these can be made arbitrarily small due to proposition 12. So there is η ′ which makes the first term less than ǫ 2 , as for the second one
where in the last line one uses the fact that
now follows easily by making η equall to the minimum of η ′ and ǫ R . The last item in the statement needs no further check and follows directly from proposition 14 in the Appendix A.
Remark 3
• In the conical end these monopoles converge to a fixed reducible G 2 instanton pulled back from the cone over P 3 . These have curvature
and are reducible to a line bundle L 2 1 over P 3 . Moreover, this is a Hermitian Yang Mills connection on P 3 equipped with its standard nearly Kähler structure (not the standard Kähler structure).
• The energy of these monopoles in not finite (as they are assymptotic to a nonflat connection on P 3 ). However, the Intermediate energy is indeed finite and the formula 2.2 in proposition 1 can be used to compute
The notation here is as follows c 1 (L 
G 2 Instantons
Still in the bundle P 1 there is an explicit irreducible G 2 instanton. The result is stated below and the proof follows either from direct computation or by solving the monopole equations with φ = 0 and b = 1, which gives a = f 2 .
Theorem 4 The connection on
is a G 2 instanton for the Bryant Salamon metric. Its curvature is given by
One can check that as ρ → ∞ this converges to the pull back of a reducible Hermitian Yang Mills connection on the nearly Kähler CP 3 . This can be checked by evaluating the limit of the curvature which is in fact formula 3.35. So both the monopoles from the last section and these G 2 instantons have the same asymptotic limit. However, the convergence is much slower in the case of the instantons.
Next one considers the Spin bundle over S 4 is self dual and may be equipped with a self dual connection. Lifting this to Λ 2 − (S 4 ) gives rise to a G 2 instanton. The lift of the positive Spin bundle, denoted by Q is constructed by choosing the isotropy homomorphism (2)) is given by extending the projection on su 1 (2) as a left invariant 1 form. Let T 1 , T 2 , T 3 denote a basis for su (2) 
Using the Maurer Cartan relations 3.5 to compute the curvature gives,
Proposition 6 The Spin connection on S 4 , i.e. the canonical invariant connection A c on the Spin bundle bundle Q is a G 2 instanton with curvature
In fact one can check that A c is the unique invariant connection on Q and Φ = 0 the unique invariant Higgs field. The first of these claims follows from an application of Wang's theorem 2, which identifies other invariant connections with morphisms of reps.
The left hand side splits into irreds. as m = m 1 ⊕ m 2 , where m 1 is irreducible and m 2 is trivial. Since the right hand side is irreducible not isomorphic to m 1 (they have different dimensions), Schur's lemma gives Λ = 0 as the only hypothesis. As to the invariant Higgs Fields Φ, these must be constant for each ρ and have values in the trivial component of the representation (su(2), Ad • λ). As this is irreducible, Φ = 0.
Monopoles on
The unit tangent bundle in Λ 2 − (P 2 ), i.e. the twistor space of P 2 , is the manifold of flags in C 3 . One may write
i.e. x is a line in the hyperplane ξ. Then, there are three natural projections to P 2 , given by π 1 (x, ξ) = x, π 2 (x, ξ) = ξ ∩x ⊥ and π 3 (x, ξ) = ξ ⊥ , where x ⊥ , ξ ⊥ denote the duals using the standard Hermitian product in C 3 . The fibrations π 1 and π 3 are holomorphic while π 2 is the twistor fibration. The standard action of SU (3) on C 3 descends to a transitive action on F 3 with isotropy the maximal torus T 2 ⊂ SU (3), i.e.
Then SU (3) also acts on the different P 2 's making the respective projections equivariant. The isotropy of this action on each P 2 is a different subgroup S(U (1) × U (2)) ⊂ SU (3). These are all conjugate by an element of order 3 in the Weyl group of SU (3). Recall that the Weyl group is the residual action on SU (3)/T 2 descending from the action of SU (3) on itself by conjugation. In fact denote such an element of order 3 in the Weyl group by σ, then π 1 • σ 2 = π 2 • σ = π 3 . The standard Hermitian structure gives an isomorphism
2 is given by the points such that
and this identification will be used through the whole paper. Identify su(3) with the anti-Hermitian matrices. Denote by C ij the matrix with all entries vanishing but ±1 on the (i, j) and (j, i) positions respectively, and let D ij the matrix with all entries vanishing but the (i, j) and (j, i) equal to i. Moreover, let X 1 = diag(i, 0, −i) and X 2 = diag(0, i, −i), these generate the Lie algebra t 2 of the isotropy subgroup T 2 . Then, the decomposition of su(3) into t 2 irreducibles (the root space decomposition) is
where
with m = m 1 ⊕ m 2 ⊕ m 3 , equips the bundle SU (3) → F 3 with a connection whose horizontal space is m. In particular π 2 (x, ξ) = [0 : 0 : 1] and P 2 = π 2 (F 3 ) is identified with P 2 ∼ = SU (3)/S(U (2) × U (1)) for an explicit subgroup S(U (2) × U (1)). Under this identification m 1 ⊕ m 3 is the horizontal space of a connection on F → P 2 . Then the tangent space to the fibres of the twistor projection π 2 gives a distribution which is nothing else than m 2 .In other words, T (x,ξ) F 3 is naturally identified with m and as everything is explicit one checks that the tangent space of P 2 at π 2 (x, ξ) is identified with m 1 ⊕ m 3 , while the tangent space of the fiber ker(π 2 ) * is identified with m 2 . Define left invariant one forms on SU (3), such that (t 2 ) * = θ 1 , θ 2 , m * 1 = e 3 , e 4 , m * 2 = ν 1 , ν 2 , m * 3 = e 1 , e 2 , dual to the respective vectors above. One then defines the anti self dual forms Ω i as given in 3.2 and define the 3 forms
The Maurer Cartan relations are
3)
These can in turn be used to compute dδ = 4 (e 1234 − ν 12 ∧ Ω 1 ) , dγ = 0, and in fact γ = de 12 = dν 12 = −de 34 . Before proceeding notice that Λ 2 − (P 2 ) with its zero section erased is F 3 × R + , and so it is enough to work on Λ 2 − (P 2 )\P 2 and a posteriori check if the structures extend over the zero section.
Bryant and Salamon's G 2 Metric
This section reduces the equations of G 2 holonomy to ODE's on R + , the solution given does agree with the Bryant Salamon metric [4] . The main strategy to reduce to ODE's will be similar to that in [3] . Let ρ ∈ R + be the distance along a geodesic emanating from the zero section. The adjoint action of T
The condition of having the holonomy reduced to G 2 is equivalent to dφ = dψ = 0. Since γ is closed and dδ = 4(e 1234 − ν 12 ∧ Ω 1 ), the equations reduce to the following ODE's
Recall from section 3.1, equation 3.15, the definition of the following implicit functions of ρ
Then as also done for Λ 2 − (S 4 ) one can regard s as a radial coordinate. Moreover using these there is a solution to the ODE's 4.6 and 4.7 which gives the Bryant Salamon G 2 structure. This solution is given by
and the G 2 structure can be written as
(4.9)
Its asymptotic behaviour for large ρ can be obtained by evaluating (4.12)
(4.14)
G 2 Monopoles
This section will construct monopoles and G 2 -instantons onΛ 2 − (P 2 ). Before proceeding with the construction for different gauge groups G, in the next lines the strategy to the construction of the invariant data (homogeneous bundle with invariant connections and Higgs Fields) is outlined. The discussion on section 2.3 constructs homogeneous principal G-bundles
correspond lie in the trivial components of the T 2 -representation Ad • λ on g.
G = S 1 Bundles
For gauge group G = S 1 , the possible isotropy homomorphisms are given by the weights Is a closed, T 2 -invariant, horizontal 2-form in SU (3) and descends to a closed 2 form on F 3 = SU (3)/T 2 . Particular cases are dθ 1 = F 1,0 and dθ 2 = F 0,1 , which are then seen to be generators for H 2 (F 3 , R). The following lemma states how H 2 (F 3 , Z) sits inside H 2 (F 3 , R).
is the lattice generated by the roots. Let O(1) denote the canonical line bundle of P 2 , then
Proof: The first assertion is a consequence of Serre's spectral sequence and the fact that SU (3) is two connected, so
In fact the integral weights can be taken as generators and also as giving rise to the isotropy homomorphisms generating the group of complex line bundles. Under the identification above let α ∈ H 1 (T 2 , Z), the first Chern class of a line bundle L α = SU (3) × T 2 ,e α C gets identified with [dα] ∈ H 2 (F, T 2 ). Notice that in this case α is actually the canonical connection of the underlying S 1 bundle and dα its curvature. Since
these are the complex line bundles determined from the isotropy homomorphisms e αi : T 2 → S 1 with
, the statement follows.
Lemma 5 F 1,1 generates a subgroup of H 2 (P 2 , Z) corresponding to the first Chern classes of the line bundles pulled back from P 2 via π 2 .
Proof: This is a consequence of the previous lemma. Alternatively the base of the twistor fibration π 2 is P 2 = SU (3)/S(U (2) × U (1)) so the bundles that are pull back from the base must have an isotropy homomorphisms λ n,l : T 2 → S 1 , which factors via
For the choices made previously the are precisely the ones for which n = l. In fact, these are the only cases for which the curvature of the canonical invariant connection stays bounded close to the zero section. Since S 1 is abelian an invariant Higgs Φ is just a real valued function of the radial coordinate ρ. Computing the monopole equations 1.1, requires evaluating
where it is useful to use g 2 = 2f −2 . Moreover, dΦ = dΦ dρ dρ and so * dΦ = 64s 2 f −2 dΦ dρ e 1234 ∧ ν 12 . The monopole equation can then be written as an ODE for Φ. For each (n, l) and a given mass it has a unique solution, so one defines Definition 6 The zero mass (n, l)-Dirac monopole on Λ 2 (P 2 )\P 2 is defined to be the unique solution to
The connection associated with this is the canonical invariant one A c n,l . Recall that ρ and s are related by equation 4.8 in section 4.1. For l = n these solutions do not extend over the zero section and are unbounded there. The Higgs Field is then an harmonic function which is unbounded at the zero section. For big ρ one uses 3.15, s ∼ 
i.e. Φ n,l decays like the Green's function for the cone metric. Regarding the asymptotic behaviour of the connection A n,l , |F n,l ∧ ψ| g ∼ 32 ρ 6 (l − n), and so approaches a G 2 instanton on the cone pulled back from the link (F 3 in this case).
Remark 4 These are Hermitian Yang Mills type connections on line bundles over the nearly Kähler F 3 , moreover explicit formulas for these are obtained.
Remark 5
In the case n = l, lemma 4 states that the bundle is P n,n = π * 2 O P 2 (−n). The bundles O P 2 (−n) are self dual and one can check that the invariant connection associated with these will give rise to a G 2 instanton on Λ 2 − (P 2 ). Indeed Φ = cst. is a solution and F n,n ∧ ψ = 0 and the different n ∈ Z give a family {A n,n } n∈Z of abelian G 2 instantons, whose curvature is F n,n = −2n (e 12 + e 34 ) .
G = SO(3) Bundles
The possible isotropy homomorsphisms λ n,l : T 2 → SO(3) are also parametrized by two integers (n, l) ∈ Z 2 . These are constructed by using 4.15 from the previous example composed with S 1 ֒→ SO(3). Associated with λ n,l is the principal SO(3) bundles
Let T 1 , T 2 , T 3 be an orthonormal basis of so(3), such that [T i , T j ] = 2ǫ ijk T k and fix T1 2 as the generator of the maximal torus. The canonical invariant connection on P n,l is
which is reducible to the S 1 connections from the previous example. Their curvature is
and is computed as in the previous section. Other invariant connections are given by morphisms of
Let L n,l denote the real two dimensional representation of T 2 , where the first S 1 acts by rotations with degree n and the second S 1 acts by rotations with degree l (this is the same as the complex representation of T 2 induced with weight (n, l) ∈ Z 2 , i.e. by exponentiating
These are irreducible and it follows from Schur's lemma, that Λ must vanish unless (n, l) is one of (2, 1), (1, 2), (1, −1). In each of these cases Λ| mi is either 0 or an isomorphism for the corresponding (n, l). Up to invariant gauge transformations such an isomorphism is determined by a constant. Then, it is possible to make Λ be one of the following
with a ∈ R a function of the radial coordinate ρ. Invariant Higgs Fields Φ = Φ(ρ) must be in the trivial
with φ ∈ R a function of the radial coordinate ρ. The next task is to study the monopole equations in each of the above SO(3) bundles. All cases shall admit unbounded reducible solutions (singular monopoles). These have been already studied above as singular Abelian monopoles, for any value of (n, l). So in what follows such solutions will just be mentioned but not analysed. It will be seen that it is possible to find a bounded solution to the invariant monopole equations only in the case (n, l) = (1, −1). This will indeed be the only case where the bundle does extend over the zero section as the following lemma proves.
Lemma 6
The above SO(3) bundles P n,l for (n, l) = (2, 1), (1, −1), (1, 2) extend over the zero section giving rise to a bundle over Λ Proof: One needs to show that only when (n, l) = (1, −1) the bundles E n,l = P n,l × SO(3) R 3 which are associated via the standard representation are trivial when restricted to the fibres of the projection π 2 : F 3 → P 2 . Equivalently one can show that only for (n, l) = (1, −1), the bundles E n,l over F 3 are isomorphic to bundles over the base P 2 . To do this notice that w 1 (E n,l ) = 0 for all (n, l), so it is enough to show that w 2 (E) = π * 2 (ω), for some ω ∈ H 2 (P 2 , Z 2 ). At this point it is easier to work with U (2) bundles to compute the characteristic classes. Let F n,l be the rank-2 complex vector bundle with structure group U (2) such that E n,l ∼ = g F n,l . Then the second Stiefel Whitney class can be computed via
The group homomorphismλ n,l : T 2 → U (2) given bỹ 
has the property that after composed with the map U (2) → SU (2), A → det(A) −1 A, agrees with λ n,l . This shows that F n,l can be constructed as an associated bundle of the principal U (2) bundle constructed with the isotropy homomorphismλ n,l . The canonical invariant connection of such a bundle is A c n,l = (nθ 1 + lθ 2 ) ⊗ i 0 0 0 , and its curvature is given by
So the computation of the first Chern class c 1 (
From the proof of lemma 4 (or from lemma 5), the only classes which are pulled back from P 2 via π 2 are those for which n = l. So we can write
and this equals l(dθ 1 + dθ 2 ) ∈ H 2 (F 3 , Z 2 ) if and only if n− l is even. Then (n, l) = (1, −1) is the only case in (n, l) = {(2, 1), (1, −1), (1, 2)} for which this holds. And so P 1,−1 does extend over the zero section while the other two cases do not.
Having in mind this proposition focus for now on the case (n, l) = (1, −1), then the curvature of the invariant connection A 1,−1 is computed via
The first term is the curvature of the invariant connection, and is given by F c 1,−1 = (Ω 1 − 2ν 12 ) ⊗ T 1 . Use the Maurer Cartan relations 4.3 to compute the other terms and the dot · to denote differentiation with respect to s, then
Put all these together and obtain
The computation of F A1,−1 ∧ ψ requires the G 2 structure as computed in section 4.1. It is useful to recall that 2g 2 = 4f −2 , which helps in computing
The other ingredient of the equations is covariant derivative of the Higgs field Φ = φT 1 , it is given by
, 
Inserting this in equation 4.34 gives the desired result.
The equations in proposition 7 should be compared with the equations in proposition 5, they are precisely the same. Once again the problem have been reduced to the one of solving the ODE's for a spherically symmetric monopole in R 3 (with a non-Euclidean metric though). Moreover, one can check that h(ρ) ≥ ρ, is real analytic and as already remarked before behaves like: for small ρ, h(ρ) = ρ + o(ρ 3 ) and for large ρ it grows as h(ρ) ∼ ρ 6 . With this remark one can use the results in the Appendix A in order to find a solution.
is not empty and the following hold:
1. For all monopoles in M inv , the Higgs field Φ vanishes at the zero section, is bounded, the mass is well defined and gives a bijection m : M inv → (0, ∞).
for suitable invariant functions b m , φ m , satisfying b m (0) = 1 and φ m (0) = 0. The curvature of the connection A m is 4. Let {(A λ , Φ λ )} λ∈[Λ,+∞) be the sequence above. Then the translated monopole sequence
converges uniformly with all derivatives on (Λ 
Proof: The proof is the same as in theorem 3 and amounts to use the results in the Appendix.
Remark 6
• In the limit where ρ gets large, these monopoles converge to reducible G 2 instantons pulled back from the cone over the nearly Kähler F 3 . These have curvature
and are reducible to Hermitian Yang Mills connection on the line bundle L 1,−1 over F 3 equipped with its standard nearly Kähler structure.
• Obviously the energy of these monopoles in not finite (as they are assymptotic to a nonflat connection on F 3 ). However, the Intermediate energy is indeed finite and the formula 2.2 in proposition 1 can be used to compute
The notation here is as in remark 3.
The next result regards the bundles P 1,2 as well as P 2,1 . Recall from lemma 6 that these do not extend over the zero section and so are defined on Λ 2 − (P 2 )\P 2 . So one has no hope of finding a smooth invariant monopole which extends over the zero section P 2 and the next result is a direct check of this by looking ate the equations.
Proposition 8
There is no smooth invariant monopole on the bundles P 2,1 and P 1,2 which extends over P 2 .
Proof: Start with the case (n, l) = (2, 1), the computations are similar to the ones above and so will be omitted. In the case at hand, there are no solutions to the monopole ODE's that can be extended to the zero section. This is a consequence of the fact that the bundle itself does not extend over the zero section as shown in lemma 6. The curvature and covariant derivative of the Higgs field are respectively given by
Equating * ∇ A2,1 Φ = F 2,1 ∧ ψ gives the following equations
where b = sa and as in the previous section h 2 (ρ) = s 2 (ρ) s 2 (ρ) + 1. These equations will never give bounded solutions. In fact notice that since 1 + b 2 > 0 and h(0) = 0,φ can not be bounded at the zero section and the equations give a solution away from it.
The case (n, l) = (1, 2) is similar Once again as it was the case for (n, l) = (1, 2), there is no hope of finding smooth solutions in this case, asφ is unbounded at the zero section.
G = SU (3) Bundles
For gauge group G = SU (3), the possible isotropy homomorphisms λ : T 2 → SU (3) are parametrized by automorphisms of T 2 . These depend on four integers (n 11 , n 12 , n 21 , n 22 ) ∈ Z 4 each corresponding to the degree of a different map π i • λ • i j : S 1 → S 1 . Explicitly, such an homomorphism is given by
where i : T 2 ֒→ SU (3) is a fixed embedding of the maximal torus (as in 4.1). For each of these homomorphisms one obtains a bundle
The reductive decomposition 4.2 equips each of these with a canonical invariant connection
whose curvature is represented by the horizontal form
Other invariant connections are given by morphisms of T 2 representations
the lemma can be used to decompose both sides into irreducibles, as
Restrict to the special case where n 11 = n 22 = 1 and n 21 = n 12 = 0. Pick the invariant connection given by Λ :
, and connection 1 forms are
(4.43) After a computation which is omitted the curvature is
Remark 7 For example, the special cases where a 2 = −1, a 2 = a 3 = ±1 and a 2 = 1, a 1 = −a 3 = ±1, can be easily checked (using the formula above) to give rise to flat connections.
The invariant Higgs field Φ ∈ Ω 0 (SU (3), su(3)) must have values in t 2 ⊂ su(3), so can be written
where φ 1 , φ 2 are functions of the radial coordinate. After a short computation
And skipping some more computations the monopole equation F A ∧ψ = * ∇ A Φ gives rise to the following set of ODE's 3 . Then the ODE's above can be written as
Theorem 6 There is a 1 parameter family of solutions the equations above and these are parametrized by their mass m ∈ R + . Moreover, such a solution gives rise to a smooth G 2 -monopole
(4.49)
The Higgs field has the zero section as its zero set and the curvature is Proof:(of theorem 6) The particular solutions stated above follow from an ansatz that reduces the system to the the same ODE's that have been obtained in all the other cases (i.e. the ones for spherically symmetric monopoles in (R 3 , dρ 2 + h 2 (ρ)g S 2 )). Set b 1 = b 3 = 0, then the third and fifth equations are trivially satisfied. The other equations are
If it is further supposed that φ 1 = −φ 2 = φ, one obtains
and the existence result from the Appendix A can be applied, to give a family of solutions. These are parametrized by m ∈ R + and given by (φ, b) = (φ m , a m ), where (φ m , a m ) is the solution from theorem 9. One then computes the formula in the statement for their curvature, which is bounded at ρ = 0 and so extends to a solution on Λ 2 − (P 2 ).
The Ambrose Singer theorem identifies the Lie algebra od the holonomygroup with the values of the curvature. This allows the conclusion that the holonomy of the monopoles above is contained in
G = SO(3) Bundles
There is an irreducible G 2 instanton in the bundle P 1,−1 . Indeed the φ = 0 and b 2 = 1 gives rise to a such a solution. For these b = ±1, a = ±f 2 (s 2 ) and da ds = ∓sf 6 (s 2 ) and this result can be stated as
One can evaluate the limit obtained for large ρ. This instanton converges to a reducible Hermitian Yang Mills connection on F 3 equipped with its standard nearly Kähler structure. It's curvature is
(4.53)
G = SU (3) Bundles
In this section irreducible G 2 instanton are found, these solve F λ ∧ ψ = 0 and Φ vanishing (otherwise would be reducible). These are explicit and given below Theorem 8 There are two families of irreducible G 2 instantons parametrized by c ≥ 0. These are respectively given by
and
Proof: For Φ = 0 one has to set φ 1 = φ 2 = 0 in the system of equations above. This gives the equations
for i, j, k ∈ 1, 2, 3 and i = j = k. These give that
and so the three last equations are indeed compatible with the constraints imposed by the first two ones. These also imply that b 1 = ±b 3 = (−1) k b 3 and the system then gets reduced to solve
Inserting the first equation (the constraint) into the last one and using
For k even there is a 1 parameter family of solutions given by b 2 (s) = −u c (s), for all c ≥ −1. Then the total solution is given by
In the same way for k odd there is a 1 parameter given by b 2 (s) = u − (s) for all c ≥ 0 and so
These give rise to the connections on the statement and to check the connections extend one needs to show that √ u 2 ± (s)−1 s is bounded at s = 0 which is indeed the case. In fact the case c = −1, recovers the flat connections alluded to in remark 7.
A Symmetric Monopoles on R 3 Let g be a spherically symmetric metric on R 3 . Then, on R 3 \{0} = R + × S 2 , one can write
with h(r) = r + h 3 r 3 + ..., in order for the metric to be smooth and have bounded curvature at r = 0. In this Appendix the existence of solutions to the Bogomolnyi equations
on the trivial SU (2) bundle over (R 3 , g) is studied. Under suitable conditions on h spherically symmetric solutions are constructed and these solve a system of nonlinear first order ODE's for two real valued functions a, φ. These ODE's have a singularity at r = 0 and are given bẏ
together with the conditions a(0) = 1, φ(0) = 0, which are necessary and sufficient to guarantee the solution extends over r = 0 (as they precisely guarantee the boundedness of the curvature as well as that of the Higgs field). Notice that in case φ does not explode at a finite r, then sign(a) is preserved by the evolution. As changing a by −a keeps the equations invariant there is no loss in restricting to the case a > 0. All the results of this Appendix can be interpreted as properties of this system of ODE's and that is in fact the relevant point of view for the applications in the current paper. The moduli space M inv of spherically invariant monopoles on (R 3 , g) modulo the action of the spherically symmetric gauge transformations is then
Suppose the Green's function G of the metric g is bounded, i.e. g is non-parabolic, then it is uniquely defined by
It will be shown that spherically invariant solutions to the Bogomolnyi equations actually have bounded Higgs field Φ and a well defined mass
A very important property of the Bogomolny equations (inherited from the conformal invariance of the ASD equations in 4 dimensions) is
Proof: In general, if ω is a k form and * the Hodge operator for the metricg, then * ω = δ n−2k * ω (n = 3). This implies that * F A = δ −1 * F A = δ −1 ∇ A Φ, and the result follows.
Then on R 3 one can use the scaling map s δ (x) = δx, to map a monopole (A, Φ) for the metric g into a monopole s * δ (A, δΦ) for the metric δ −2 s * δ g. In the case where g = g E is the Euclidean metric there is a unique mass 1 and charge 1 monopole known as the BP S monopole [2] , this is spherically symmetric and denoted by (A BP S , Φ BP S ). Moreover, the Euclidean metric is scale invariant and so from (A BP S , Φ BP S ) one can construct a whole family of monopoles + . The solutions constructed in this appendix are modeled on these and the main result is Theorem 9 Let g be spherically symmetric, real analytic and non-parabolic. Then, M inv is nonempty and consists of real analytic monopoles. Moreover, the following hold:
1. For all monopoles in M inv , the Higgs field Φ is bounded, the mass is well defined and gives a bijection m : M inv → (0, ∞).
2. Let R > 0, and {(A λ , Φ λ )} ∈ M inv a sequence of monopoles with mass λ converging to +∞. Then there is a null sequence η(λ, R) such that the rescaled monopole
converges with all derivatives to the BPS monopole (A BP S , Φ BP S ) in the ball of radius R in (R 3 , g E ).
3. Let {(A λ , Φ λ )} λ∈[Λ,+∞) be the sequence above. Then the translated monopole sequence
converges uniformly with all derivatives on (R 3 \{0}, g) to a reducible monopole made of two copies of the g-Dirac monopole (A D , Φ D = G) with zero mass.
Remark 9
The above statement is not at all surprising and in fact it is possible to prove that if there is an R > 0, such that for r ≥ R, h 2 (r) ≥ r 1+ǫ , for some ǫ > 0. Then, there is a spherically symmetric finite energy solution to the Yang-Mills-Higgs equations
in (R 3 , g) with bounded Higgs field and mass. This can be achieved by direct minimization of the spherically invariant Yang-Mills-Higgs functional on (R 3 , g).
The proof of theorem 9 is the content of the whole appendix, which is organized in the following way. In section A.1 the reduction to an ODE of the Bogomolny equations in (R 3 , g) is outlined and an explicit formula for the BPS monopole with the Euclidean metric is given. For general spherically symmetric metrics g, the ODE's A.3 are not straightforward to analyse. Besides being nonlinear, there is a singular point at the origin, r = 0. Moreover, the initial conditions one would like to give at r = 0 do not satisfy the Lipschitz hypothesis and the standard existence and uniqueness theorem for ODE's fails. It is then convenient to go back to elliptic PDE theory and obtain a solution on the ball B δ (0) which can be used to give initial conditions at the Lipschitz point r = δ. Instead of solving the monopole equations for the metric g in the ball B δ , use the scale invariance of the Bogomolny equations stated in proposition 9 in order to solve the equations for the metric g δ = δ . This is the reason why one uses two parameters in the construction of monopoles, i.e. with the two parameters (m, δ) it is easier to tune the properties of the monopole constructed than with only one parameter. Estimate A.31 in lemma 12 gives bounds onφ ∈ [J(m, δ), I(m, δ)]. Then, lemma 13 gives two sequences of (m n , δ n ). The first makes the lower bound I n = I(m n , δ n ) get as close to zero as one wants, while the second one makes the upper bound J n = J(m n , δ n ) get as close to −∞ as one wants. The fact that all intermediate values are obtained follows from the continuity provided by the implicit function theorem.
Moreover, the estimate in the proposition 15 gives Proposition 12 Let R > 0, then there is a sequence δ converging to zero, such that the monopole
converges uniformly with all derivatives to (A BP S , Φ BP S ) on the Euclidean ball B R (0).
Proof: One needs to prove that for all ǫ > 0, there is δ = δ(ǫ, R), such that
In a first step one can consider s * If one knows that fixing m = R and letting δ converge to zero produces a sequence of monopoles in M inv whose mass drives off to infinity, then proposition 12 provides a proof to the second assertion in the main theorem 9. The proof that indeed setting m = R fixed and δ arbitrarily small provides monopoles with arbitrarily large mass is given in the proof of proposition 13. There, one uses the sequence J n defined in lemma 13, which makes the lower bound on the mass provided by corollary 4 get arbitrarily big.
In section A.3 the ODE analysis comes into play and the solutions constructed on B δ (0) provide initial conditions for the set of ODE's at r = δ.
Proposition 13 For all monopoles in M inv , the mass is well defined and gives a bijection
Proof: One already knows that M inv ∼ = R + corresponding to each value of −φ and this can be used to topologise M inv as a 1 dimensional manifold. The next step one needs to take care is in showing that the map m is surjective. From proposition 17 and its corollary 4 one knows that for all 0 < ǫ < ǫ 0 there are bounds m(A
Take both m, ǫ converging to zero in a the same way as in the first sequence in lemma 13 with ǫ n = m α n , with α < 1. Then it is straightforward to check that Φ + (m n , ǫ n ) = m
The other extreme can be made using the second sequence in lemma 13, this keeps m fixed but sends ǫ → 0, moreover the choice of δ n ≤ δ(m, ǫ n ) is such that ǫn δn still converges to 0. Then
which gives the surjectvity of of the mass onto the positive real line. The last step is to show that the derivative of the map m is everywhere injective. As m is a map between 1 dimensional manifolds, these together imply the mass is actually a diffeomorphism. Let (2)) is represented by two functions (b, ψ) of the radial direction, such that
(This is just the linearization of the monopole ODE's at a monopole (a, φ)). Differentiating the first of these equations and using the second to substitute for b gives a second order ODE for ψ
Solutions to this satisfy a maximum principle
• If ψ has a maximum at M , thenψ(M ) ≤ 0 andψ(M ) = 0 and so ψ(M ) ≤ 0,
• If ψ has a minimum at m, thenψ(m) ≥ 0 andψ(m) = 0 and so ψ(m) ≥ 0.
The derivative of the mass is
If v is in the kernel of dm, then ψ(∞) = 0. The argument using these maximum principles is as follows. If ψ(0) = 0, one concludes that ψ must have a positive maximum or a negative minimum. Both of these hypothesis are impossible due to the maximum principle unless if ψ = 0 and hence also b = 0, which give v = 0.
The last item which remain to be shown is that in the large mass limit after bubbling a BPS monopole at 0, one is left with a g-Dirac monopole on the exterior. 
converges uniformly with all derivatives to direct sum of two g-Dirac monopoles (A D , Φ D = G) with mass 0, on (R 3 \{0}, g).
Proof: This amounts to prove that given R > 0 and ǫ > 0, there is a λ such that Φ λ −(λ − 2G) T 1 C ∞ [R,+∞) ≤ ǫ. For this one needs to study the function
where φ λ is the scalar such that Φ λ = φ λ T 1 . Then lim r→∞ u = 0 anḋ
This shows thatu < 0, which together with u(∞) = 0 can be integrated to give
Moreover, G is bounded in [R, +∞) and a 2 λ is decreasing, so that a 
A.1 The SU(2) Invariant Bogomolny Equations
The orbits of the SU (2) action on R 3 \0 ∼ = R + × S 2 are transitive on each S 2 ∼ = SU (2)/U (1). To construct homogeneous SU (2) bundles one must then choose one of the isotropy homomorphisms λ k : U (1) → SU (2), taking e iα ∈ U (1) to diag(e ikα , e −ikα ), for k ∈ Z. These give then rise to the homogeneous bundles
Let T 1 , T 2 , T 3 be a basis of su(2), such that [T i , T j ] = 2ǫ ijk T k , and we let ω 1 , ω 2 , ω 3 be a dual coframe. Let h = T 1 and m = T 2 , T 3 , this splitting equips the Höpf bundle SU (2) → S 2 with a connection whose horizontal space is m. The metric A.1 on R + × S 2 can then be written as 8) and is invariant under the SU (2) action, i.e. spherically symmetric. The splitting su(2) = h ⊕ m equips each P k with its canonical invariant connection induced by a 1 form A c k ∈ Ω 1 (SU (2), su (2)), which in the basis chosen is A c k = kT 1 ⊗ ω 1 . Thinking of this as a base connection, other invariant gauge transformations differ from this by morphisms of U (1)-representations (m, Ad) → ( T 2 , T 3 , Ad • λ k ). Invoking Schur's lemma these vanish for all k = ±1, while for k = ±1 they are isomorphisms. One can then suppose that k = 1 and
with a : R + → R. The curvature of such a connection is given by
In the same way one computes invariant Higgs Fields Φ by their value for each value of r. The invariance also imposes that for each r ∈ R + , Φ(r) must be a constant in the trivial component of the
with φ : R + → R. Its covariant derivative ∇ A Φ with respect to the connection A is
One can then compute the Hodge dual of this using the metric A. 
Moreover, these monopoles also have finite energy. As limiting cases we can recover the flat solution as well as the Dirac one, these are given by C going to 0 and ∞ respectively.
• In the hyperbolic case h(r) = sinh(r) and there is also a one parameter family of monopoles parametrized by their mass m ∈ R
, a m (r) = m sinh(r) sinh(mr) . (A.13)
In both cases the parameter m is the asymptotic value of the Higgs field at ∞, i.e. the mass of the monopole.
A.2 PDE Analysis
The metric g δ = δ −2 s * δ g on its unit ball can be written as
where t ∈ (0, 1) is the geodesic coordinate of the new metric (i.e. δt = r • s δ ) and h
with G δ (t) an analytic function such that
can be bounded independently of δ. This changes the problem of solving the equations in a small δ ball to that of solving the equations in a unit ball but with a varying metric g δ , which is a spherically symmetric perturbation in δ from the Euclidean one. So one needs to solve
where * δ is the Hodge operator given by the metric g δ . When δ = 0 the metric is Euclidean and for each m ∈ R + , the BPS monopoles (2)). The Bogomolny equation looks like a first order quasilinear PDE and
is a quadratic 0th order term and
is the linearisation of the Bogomolnyi equation. Here one shall search for a solution of the form v = d * 2 u, then the new problem is to solve P (d * 2 u) = 0, and a first step to do this is to find a right inverse for d 2 d * 2 . This can be achieved by further requiring a boundary condition giving rise to an elliptic problem,
The claim is that the Dirichlet boundary allows inverting 2 at δ = 0, together with the boundary condition u| ∂B1 is an elliptic, positive and self adjoint operator. As it is self adjoint it has index 0 and the boundary condition and positivity show it has zero kernel. So at δ = 0, the unique solution is u = 0 and the linearisation of
which is invertible, with the inverse is denoted by
The Implicit Function Theorem applies and for each m ∈ R + there is ∆(m), such that for all δ < ∆(m), there is a small solution u Moreover, u δ m is real analytic and for a bound in the C 1 norm it is sufficient to take
Here we prove proposition 15 using Lemma 8 Let B be a Banach space and q : B → B a smooth map such that for all u, v ∈ B
for some fixed constant k (i.e. independent of u and v). Then, if v ≤ 
2 . Then, the lemma applies for Lǫ Having in mind that one still needs to guarantee the estimate A.19 holds, one concludes that ǫ 
Improving this to a C
∞ bound can be made by standard bootstrapping arguments in elliptic PDE theory. Notice that all the coefficients of the PDE are real analytic. Indeed the BPS monopole is real analytic and so is the metric by assumption. Then it follows by the regularity theory for elliptic PDE's, see [6] , that the solution u and once again the norms are measured using the metric g.
Proof: Denote by (B r , g) the radius r ball centred at zero where the distance r is measured with respect to the metric g. Then, it holds that (B δ , g) = (B 1 , g δ ), moreover the norm of a 1 form ω gets scaled according to |ω| g = δ L in order to make the first term in A.22 smaller.
A.3 ODE Analysis
Recall the monopole ODE's A.3,φ = 1 2h(r) 2 (a 2 − 1) (A.26) a = 2φa.
We can then define v = 2 log(a) (note that this impliesv = 4φ) and write the equations A.26 as a second order ODE for vv Proof: To check that the formula in the statement does gives rise to a possible recurrence relation formally satisfying equation A.27 follows from substituting it into the equation. It remains to check that indeed given v 0 = v 1 = 0 and v 2 = b, the recurrence relation is indeed completely determined. This is not completely obvious, but it can be directly checked from the way how it is written. For that one notices that the first term it obviously just contains terms in j + 2 < i + 2.
The monopoles from the last section give a family of solutions (A δ m , Φ δ m ) on r ≤ δ depending on two parameters m ∈ R + and δ ≤ ∆(m). These can be used to give initial conditions for the ODE's at r = δ. The estimates from lemma 10, can be used to obtain estimate these initial conditions as follows. The following lemma contains two sequences of values (m n , ǫ n ) inducing sequences of values (m n , δ n ) which can be used to show that the PDE constructed monopoles are actually all monopoles.
Lemma 13
1. There are sequences (m n , ǫ n ) and δ n ≤ δ(m n , ǫ n ), such that
2. There are other sequences (m n , ǫ n ) and δ n ≤ δ(m n , ǫ n ), such that Moreover, there are such a sequences with m n bounded and with m n converging to infinity.
Proof:
1. It is enough to show that one can take the sequences such that both mn δn and ǫn δn both converge to 0. Taking ǫ n < 1, gives ǫ n ≤ √ ǫ n and so using the formula for δ(m n , ǫ n ) given in proposition 15
In this way, one can may take δ n to be the right hand side above, which automatically satisfies δ n ≤ δ(m n , ǫ n ). Now evaluate the two sequences mn δn and ǫn δn , these are respectively given by
Take a sequence m n converging to 0 strictly faster than √ ǫ n . As (d 2 ) * n L n is uniformly bounded above and below for any sequence m n → 0 one concludes that the first sequence also mn δn converges to 0. By the same reason the second sequence ǫn δn also converges to zero, and for this one the requirement that m n converges faster than √ ǫ n is not even needed. 
